Let f : R® — R be a homogeneous polynomial of degree d. Put w =
=(a%, ..., x¥), where k is either d + 1 if d is odd or d + 2 if d is even. Let
f+ ==+f —w and x(A) denote Euler characteristic of A. According to [1, 2],

we have

Theorem 1. Let f be homogeneous polynomial, let f., f— be as above, let
Ar={ze S £ f>0} and L =5""1nNf71(0). Then

(i) f+,f- have an algebraically isolated critical point at 0,

(ii) x(A-) =1—degy(Vfy), x(Ay) =1 —degy(Vf-),
X(L> = X(Sn) - degO(Vf+) - degO(Vf,),

(#3) if d is odd then x(L) = x(S™) — 2degy(V f4).

Example 2. Let f = 2323 + 2] — 2323, of course f is homogeneous and d = 4.
Then w = #(af 4 2§ + 25), Vi = (423 — 22123 — x1,2x2x3 — 23, —22%w3 +
22313 — 23) and V f_ = (—4x3 + 21123 — 23, 20973 — 25, —22% w3 + 20313 — 13).
It is easy to check that y(A_) =4 and x(L) =0, so

degy(Vfy) = =3 and degy(Vf-)=3

Let I denote the ideal generated by 4x3 — 2x22 — xl, 23:2363 —2z3r3 +
27313 — x5 and J — generated by —4x? + 22,23 — 23, 23973 — x2, —2z3r3 +
22213 —x3. Then deg,(V fy) is equal to Poincaré-Hopf index of the ideal I, and
degy(V f-) is equal to Poincaré-Hopf index of the ideal J. Those indexes can
be computed using SINGULAR’S library phindex.1lib, and command PH_ais.

According to SINGULAR we have that

> ring r=0, (x_1,x_2,x_3), ds

> LIB "phindex.1lib";

> ideal I=4x%x_1"3-2%x_1*x_3"2-x_175,2*%x_2%x_3"2-x_2"5,
-2%x_172%x_3+2%x_2"2%x_3-x_3"5;

> PH_ais(I);
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> ideal J=-4x*x_1"3+2%x_1%x_3"2-x_175,2*%x_2%x_3"2-x_2"5,
—2%x_172%x_3+2%x_2"2%x_3-x_3"5;

> PH_ais(J);
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Example 3. Let f = 222322, then f is homogeneous polynomial of degree
d =6. Put w = %(a} + 2§ + 2§), then Vf+ = (2x1x2x3 - :1:1,2$1:v2$3
xh 2x3xirs — 2l) and Vf_ = (—2w2322 — 27, 2227902 — 28, 2232213 — 21).

It is easy to check that y(A_) = —6 and x(L) = —6, so

degy(Vf1) =7 and degy(V/f-)=—
Let I denote the ideal generated by 2x1$2x3 xl, 2x1x2x3 xs, 2x1x2x3 — %
and J — generated by —2x 2323 — zl, —222wox? — x5, 2232313 — 2t Then
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degy(Vf1) is equal to Poincaré-Hopf index of the ideal I, and deg,(Vf-) is
equal to Poincaré-Hopf index of the ideal J. Those indexes can be computed
using SINGULAR'’S library phindex.1lib, and command PH_ais. According to
SINGULAR we have that

> ring r=0, (x_1,x_2,x_3), ds;

> LIB "phindex.1lib";

> ideal I=2%x_1*x_272%x_372-x_177,2*%x_1"2*%x_2*x_3"2-x_277,
2%x_172%x_2"2*%x_3-x_377;

> PH_ais(I);
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> ideal J=-2%x_1%x_2"2%x_372-x_177,-2*%x_17"2*%x_2%x_3"2-x_2"7,
—2xx_1"2%x_2"2%x_3-x_377;

> PH_ais(J);
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